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7.

2009 Mathematics Extension 1 Trial HSC: Question 7 solutions

(a) Use mathematical induction to prove that cos(wn) = (—1)7,
where n is a positive integer.

Solution: Test for n = 1:
L.H.S. = cosw, R.H.S.
= —1.
.. True when n = 1.
Now assume true when n = k, some particular integer,
i.e. cos(mk) = (1)
Then test for n =k + 1, i.e. cos (x(k+ 1)} == (—1)%+1,
LILS. = cos (n{k + 1)),
cos(wk + ),
= coswhkcosw —sinwksinx,
(—1)*.(—1) — 0, using the assumption,
(_1)k+1>
= R.H.S.
.. True for all n 2 1 by the principle of mathematical induction.

_1)1:
-1.
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{(b) (i) Find the largest possible domain of positive values for which
Flz) = 2% — 5z + 13 has an inverse.

Solution: f'(z) = 2z -5,
2z~ 5 = 0 when z = 5/2.
.. Function is one-one if & > 5/2.

(ii) Find the equation of the invefse function, f~(z).

Solution: Put z/= y? ~ 5y + 13, }
= *—sypadEr13 - 7,
= 2
3*24_7 = {§~5/2)",
/A — 27
y -yt 2
ban/dw — 27
vE Ty
54 dx — 27
ie. fz) = —i;—, taking the positive root as f~(z) > 5.




(c) The straight line ¥ = maz + b meets the parabola z% = day at the points
P(2ap, ap?) and Q(2aq, ag?).
(i) Find the equation of the chord P} and hence or otherwise

show that pg = —L.
Solution:
(2aq, ag®)Q)
T
2 2
Cap?= BT 5
y—ap® = o 2GLq(-’c ap),
= £ 9 q($ - 2&}3),
2y — 2ap® = (p+ q)z — 2ap® — 2apyg,
2y = (p+ g)z — 2apg is the equation|of PQ.
This is the same line as y — mz + b so b =(~apg and thus pg = —=
.. o, o 2, 2b
(ii) Prove that p* + ¢* == 4m?* + —.
a
Solution: m = 1%,

p+ X’

S RHS =14 (T + 2(=pq),
= p° + 2pq + ¢* — 2pg,
= p’+ ¢,
= LHS.

(ili) Given thab the equation of the normal to the parabola at P is = + py = 2ap + ap® and that
N, the point of intersection of the normals at P and (¢, has codrdinates

[—apa(p + 9), a2+ 9" +pg +¢%)],

express these codrdinates in terms of ¢, m and b.

Solution: Now —apg = b, p+ ¢ = 2m, p* +¢* = 4m? + 2¥/a.
oy =2m, yn = a(2+4m® 4+ 26 — ¥a),

= a2+ 4m? + b/a).
-, 'N'¢[2bm, 2a + 4am? + b]




(iv) Suppose that the chord PQ is free to move while maintaining a fixed gradient

locus of N and show that this locus is a straight line.

Verify that this line is a normal to the parabola.

. Find the

Soluticgﬂn: Method 1~

2m’
i
y= 5+ 2a + dam?® which is the locus of N

and a ;tl‘aight line with a slope of L/2m.
Rewriting, © — 2my = —4dam — 8am3,

then let p = —2m so that z - py = 2ap + ap?
which is in the form of a normal to the parabola z? = 4ay.

Soluti%n: Method 2—

b= —
2m’

y = ,—;i‘"ﬂ; + 22+ 4am? which is the locus of N

and a straight line with a slope of .

Where this Jocus of N meets the parabola 2 =day,

% = 4o (i +2% - 4am2) ,
2m

mz? — 2az — 8a2m + 16a?m® = 0

2a £ \/da? +4a? (8m? + 16m?)

Ir =
m

a £ eI+ 8m2 4 16m?

- 3

m
= £(1+(1+4m?)),
= (2 +4m2) or ;‘;—( m4m2).
In the limiting case when & =—4am, p=gq and —4am = 2ap,
Sop = —2m.
1

¥

So the slope of the normal at this point is 5 which is the slope of the locus of V.




