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Marking Guidelines: Mathematics Extension I — Solutions

\ Question 1 (a)(b)(c)(d)(i)

Criteria Marks

(a) One mark for the diagram and one for the solution. 2
(b)(iYOne mark for the answer. (ii) One mark for the diagram (or explanation) and one

mark for the answer. . 3
(c) Onemark for derivation. ’ 1
(d) One mark for each step. 2
(¢) One mark for finding the domain and range and one mark for the sketch. 2
(f) One mark for showing it’s quarter of the area of circle and one for the answer. 2

Answers:
1(a) 1(c) continued x? =
y=3x(x"-1) (d) lim = lim [ ]
71 x>08in2x x—0 sin 2x
DA N4 gy [ 3
2 x 0 sin 2x _2_
\ as 1im[sm2x]=1

From the graph , the solutions to x>0 2x :
x(x% -1)>0are -1 <x<0 and x>1 (e) y =4c0s=2x
1)) Domain: =h< 2x<1 e —l <x Sl

Y T 2 2
Sin— - =sin| T+ Range: 0< y S4r

. T 1
=-sin— =-—7
2
(ii) sin [2@“ H.zﬂ = sin20 from diagram
3
1
V2 VI

Now sin20 = 2sind cosd M_z- 5

<. sin [2 tan™ [_\/I_EH = %—?L_

(¢)x =sinf +cosf ;| y =sinf~cosd

x2 = (sin@ +cos 9)

=sin’ 6 + cos” @%2sin g cosd
= 1+sin26
3? = sin%8 + cos*@ - 2 sin@eos O
= ]1-sin26

3
© | (9~x2) dx = shaded area -
0

= quarter of circle of radius 3 units

9 2
=—7 unit
4

o
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Question2

(b) Let (x,2x) be the point on y =2x

The distance of this point from x +p — 4 = 0/is

given by

x+2x-4
J2

Lx42x—4=12 =3x=4%2

and this is given equalito +/2

or x=6/3 or 2/3 -, x = 2ard=
2
. 24
. the points are{2.4) and.f—,—
2.0

Note: A point andits image on a line will be

of equal length from the line'but opposite in sign and

hence the signzt.

Simpson’s Rule:

jf

where h = width of interval =

b
jcosxdx o X 0+4><i+2
; 12

5

+2}> =~ 2-00 (2dec.pl.)

(V +J’4)+4(.V1 +y3)+2(}’2 )}

/4

e

a5

~

Criteria Marks
(a) (i)One mark for tan(A+B).(ii)One mark each for deriving the quadratic equation and the solution. 3
(b) One mark for writing expression for the perpendicular distance and one for the coordinates. 2
(¢) One mark for Ty and one for the coefficient of a’b’ . 2
(d) One mark each for x and y coordinate 2
| (e) One mark for the table, one of writing Simpson’s rule and one for application. . 3
Answers
(¢) For the expansion (2a - b)12
(a) (i) sin{ A+ B) =sin A cos B +cos Asin B .
T = "¢, (2a) 7 (-b)
- . r+l r .
cos(A+B)=cosAcosB—smAsmB T
5.7 =
. . The term @b’ occurs wheén r =7
sin Acos B +cos Asin B
tan (A + B) = - -
cosAcos B~sinAsin B 12 [ \S 7
Dividing by cos4cosB throughout we get, Hence Ty = “c; (2a)(=b)
121
tan (A+B)=M ——(._a)5 (—b)7 = 792x32a° x4’
1-tan Atan B 5171
= -25344 5.7
(i) Given tan™ x+tan™ 2x =z 534407
4 Coeff. of .@’b” is —25344
*. tan (tan_1 x+tan™ 2x) =tan z (@)
4 _S2=433) —2(2)+3(5)
tan(tan'lx)+tan(tan'1 2x) T 243 T 043
= 1 qo ey 8+9 -4+15
l-tan(tan x)xtan(tan 2x] =T = 1
!
X+ 2% ) =17 =11 1ie (17,11)
1_2x2 =1 = 2x +3X"‘1—0 (e)
X =7 — /4 0. /4 /2
-3£9+8 .
= x= =0-28 (2 dec.pl.) taking the 1 1
cosx 0 - 1 T 0
positive value as required. V2 V2
- (o) On) (»2) () (¥s)
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Question 3 & 4(a)

Criteria Marks
(a) One mark for the explanation and one for the answer. 2
(b)(i) One mark for showing it’'s SMH (ii) one mark each for o and a (iii) one mark for the position 4
(¢)(i) &(ii))One mark for each answer (iii) One mark for showing blue marbles as a group = 4! and one for
4141 4
(d) One mark for writing the equation and one for finding the value of a ' 2
4(a) One mark for the solution. 1

Answers

3(a) Out of the 11 letters of MATHEMATICS,
three letters — A, T and M are repeated.

Hence total no. of words with 11 letter
11!

= =4989600
212121

(b) (i) x=acos(4+a)
= ¥ =—l6acos(4t +a)

=—16%a cos (4 +a)
=-16x
As the particle’s motion can be described in the

= x=-4asin(4+a)

. 2 .- . .
form Xx=—n"x, wheren=4,itis undergoing simple
harmonic motion

(i) x=acos(4r+a)
whent=0, x=0, .. 0=acos(a)
lLe.cosa=0.. a=m/2

14
. X=4acos 41+£J
2
. . T
and v=x=-—4asm(4t+5)

whent=0,v=-6, .. —6=—4asin[§]

ie.4a=6 or a=3/2m

(i) x=—cos| 4r+Z
2 2

o]

whent=4; x= %005[16 + %J =0:43m (2dec.pl)

the particle is about 0-43m to the right of origin.
() () 7!=15040 arrangements
(i) 7!- number of arrangéments in which blue and
white marbles altemate =7%-314!
=5040~-144

= 4896

e,

(iii) blue marbles arranged as a group = 4!

blue marbles as a group and white marbleg)= 4!
s 4141=576

(d) Since it is a cubic with — | as a repeated root and 2 as a
root it can be written as '

y=a(x+1)? (x-—2)
It passes through (0, — 4),
—4=a(0+1)(0-2) =-4=-2a
.. a= 2 and the equation of the curve is
y=2(x+1)2(x—2) .

4(a)

D NOT TO SCALE

Since the chords of the circle, DE and CB intersect at A,
DAXEA=CAXBA
=>(6+x) X6 =10 X5

Question 4(b) —
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Criteria Marks |

(b)(i) One mark for showing that the root lies between the two values indicated. (ii) One mark for the value of

J/"(x) and one for applying Newton’s method. 3
(c) One mark for finding the product of roots and one mark for finding the value of . 2
(d)One mark for the tangent, one mark for £ APX, one for £ QPX and one for showing that AP bisects Z/BPQ. ;
(e)One mark for subtracting 1 and one for the solution
Answers ’
4(b) Let f(JL) =x+ sinx-—iﬂ
)
Ve 7z~ 1
then — |=—+—-—~-0-0236
f[ 6 ] 6 2 3 B
3 T 1 =z
and =—+—-—=0-445
55w
Thus over the interval z <x< Z— , fx) changes
from — ive to + ive. Hence it has at least one root A
between = and z.
6 4 »
Let x = T then f’(x) =14+cosx Proof: £XPA = £ABP ( alt. seg) =x° say
6 ZXPQ=/PRQ (alt.seg) =)° say
d (7)o z_, J3 ZAPQ= IXPA+ ZXPQ= x°+)°
and  f| = |=ltcoso=1+—F Also ZXAP=/ABP (alt seg)
. r ZXAP=/XPA =X°
f(g] Nowin AAPR, Ext. ZAPB= /PAR + /PRA
By Newton’s law, x, = -~ =Xy
6 o7 ;. LAPQ= LAPB '
6
—0.02 2x-3 2x-3-x
=£_L()"_36.z0_54(2dp) (e) ~-1<0 > —F-x0
6 J3 x x
I+— X -
2 = ——x<0
(c) Let o, 1/c and B be the roots, x
-4 The critical points are 0 and 3.
Product of roots = o 1/a-B= - = =2
e p=-2 7 : Whenx<0, X250
Since — 2 is a root, 2(—2)3 - (—2)2 +k(-2)+4=0 * )
= —2k=16 or k=—8 When 0<x <3, =<0
X
(d) Construction + Draw through P'a common When x>3, = 3.0
tangent to the two circles'to meet AR in X. X
.. The solutionis 0 <x < 3

Question 5
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Marks |

(a) One mark for conversion into cos 6x and one mark for integration.

2
(b) (i) One mark writing it’s not a one to one function. (ii)One mark for the sketch.(iii) One mark for stating
domain (iv) One mark for interchange of variables for finding y. 4
(¢) (1))One mark for showing that 0 <y < 1. (ii) one mark for the differentiation and one for simplifying. 3
(iii) One mark for substitution for P,q one for y and oné mark for ¢. 3
Answers .
.2 qr
5(3) 0052(3X) =1-2sin (3x) (c) (i)y= s P>O,q>0
A 1—cosZ(3x) 1+Pe
" sin*(3x) ST Since Pe? >0 forallt )
- o) " 3 g7 .
jsinz Ixd = J‘de then 1+ Pe? > pe?! - A° - <]
2 1+ Pe?
: q1 q1
_ lj[l—coséx]dx or y>0 alsosince Pe? >0'& 1+ P’ >0
2 Pe? & 0
. y= >0 ence 0=y <1
_ %(x_sm6xj+c 1+ pe?
2 6 i) & Pt a4 PT) SR P )
- 2
(b) (i) f(x) does not have an inverse because it dt (1 + Peq')
is not a one to one function. That is, for at )
least one y-value there is more than one Pet! (1 + Pe"') (Pe"' ‘)’
x-value. =g y - >
(1+pef)  (1+Pe)
(i)
Pef’ Pe? ’
= q —_
1% Pe? |1+ pe?
=q(y-y)=qy(1-) -
(iii)

(iii) Domain of y = g~ ! (x) fis x 2-1

(iv) Interchanging x and y , we get
x=(y-1)" -1

or y=Jx+1+1ie g @) =+x+1+1

Given P=0-01and g=0-7,to find ¢ when y =0-5

gt
Substituting these values in y =

s Pt >0 we get
+ Pe

0-71
0.5=0—OleT
1+0-01e""
= 0-5=0-0 057" = 7" =100
in100
=
0-7

:0-5x(1+0-01e°'7’)= 0- 017

= 6-58 or ¢ =7 hours to nearest hour

Question 6
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_ Criteria Marks
(a)(i) One mark for integrating to get v, one for finding v and one for expressing x in terms of z.(ii) One mark
for finding the displacement of P. 4
(b)(i) One mark for the expression showing the volume and one for simplifying it (ii) One mark for finding an
expression for h, one for finding d6/dV , one for finding the value of 8 when x =0-3 and one mark for the
carrying out the calculations. 6
(¢) One mark for finding the derivative and one for the value of x for which f{x) decreases. X 2
Answers

6(a)(i) = 8x(x2 + 1)

4 2
i lV2 :8x(x2+]):> }—v2=£—+2—+c1
dx\ 2 2 4 2

4
Whenx=0;v=-2 .. 5=0+0+cl orc =2
2
l112=2x4+4xz+2=2(x2 +1)
2

Lov= iz(xz +1) or speed = v=2(x2 +1)cm/s

dx

v=%=i2(x2+l) = tdt= m

'.it:l‘l- dx2=—l-tan—lx+cz
291 +x
whenf=0,x=0 .. ;=0

" :tt:—;—tan_lx = x = tan(+2¢) = +tan 2¢

(if) Whent=n/8, x=*tann/4d = * 1
The particle is 1 cm from O.

(b) (i) Volume of water(V)
= ( area of sector ACB — Area of A ACB)X length

= [11'29-—11'2 sin 6’}(2
2 2

(le-lsinesz - L(6-sin®)
308 2 F.

(i)

@

(b)(ii) continued.

From the diagram, x=lcos§ ‘
2 2

h=l— =l——cos—

2 2 2 2

dh 1 .6
. —=—sin—

dg 4 2
V=l(¢9—sin¢9) = ﬂzl(bcow)

4 de 4
and ﬁ= a

dv 1=cosf

To find dh/dr when k= 0-2 m and 4V/dt = 0-1
dh “dh.dé dv

oW — = —X—X—

dt dé dv adr
1. 8
=—sin—X
4 2 1-cosf

Whenh=02,x=0-5~02=0.3

x0-1

substituting x=0-3in x= %cos% we get

cos€=0-6 :>—€=cos'10-6.'.9= 1-855
2 2
dh 1 .

1-855 4
— =-—sin x
da 4 2 1-cos1-855
=0-0625 m / min (3sig.fig)

(©. f(x)= xe>* Hence f'(x)=e?-2xe™™
Le. f’(x) = (1 - 2x)
S (x) decreases when f ’(x) <0

ie. e (l - 2x) <0

x0-1

Now e 2*> 0 for all values of x and
1-2x<0 when x>%

o f(x) decreases for x >%

Question 7
Trialmaths Enterprises

Extension 1 2007




Criteria

(a)(i) One mark for showing no.of ways of selecting 3f and 1m (ii) One mark for showing no. ways with 3f,
(iii) One mark for the explanation and answer.(b) One mark for substitution, one for integration.

(c)(i) One mark for deriving an expression for time for max. height and one mark for showing V sin « in terms
of g and h (ii) One mark for the quadratic equation, one mark for its solution (7) and one for finding the

horizontal distance

(d)(i) One mark for showing that it is the binomial expansion of {x+(1 — x)]” that equals to 1 (ii) One mark for

the substitution for x and simplification.

Answers

7(i) The number of ways of selecting the 2 females from »
females is "¢, and the number of selecting 1 male for n
males is "¢; .

. No. of ways of selecting 1 male and 2 females =

"o, x"¢, = n("cz) since "¢, =n

(i) No. of ways of selecting 3 females from » females is
e,

(iii) Total no. of ways of selecting a committee of 3 people
from 2n people is *"c; .

This total can be divided into 4 categories:-

3 males, 0 females; 2 males,] female;
1 male, 2 females; 0 males, 3 females

e, =("c3 x”c0)+("cz x "cl)+("clx "cz)+("c0x "03)
=2

("c3)+("c2 xn)+(nx "cz)

n n
=2( C3+n cz)

n n _1 2n

or n('c,)+ ¢ _5( 03)

(b)

J.x x* +9dx letu=x*+9
du = 2xdx
la’u=xdx
2

1

1
=— \u?du
2

(c) (i) Horizontal miotion: X =0 , Integrating we get
x=¢ whent=0, x=Vcosa ..¢ =Vcosa

x=Vcosa

(¢) (i) continued

AVsin a

Integrating again we.get,
x=Vtcosa'te¢,
whenr=0yx=0 . ¢570
or x=Vtcosa
Vertical motion:

y==g, Integrating we get,

y=—gt+es
whent =0, y=Vsina andso ¢y =Vsing,_
Sop=—gt+V sina , Integrating again we get
)):——;—gt2 +Visina +cy
whent=0,y=3h .. c;=3h
" y:——;—g12+Vtsina+3h

Greatest height is reached when y=0

—gt+Vsina=0 or t=Vsma
g
When t=Vsma,y=4h
Vsina ’ Vsina
3 4h=—§{ S ]+V|: S }ina+3h’
2l g g

1V%sinfa ¥Visinla
h=—— +
2 g g

) yrn’e =Vsina= 2gh
2g
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7(c)(i). (@)@
. . 1 . n -
We substitute y =0, in y=—5gt2+Vtsma+3h [x+(1—x):| =ncoxn+nclxn 1(1——3:)
to get the time taken for the journey. + "c,)x" -2 (1 - x)2 NI ”cn (1 —x)"
1 5 . -
——gt"+Vtsina+3h=0 : )
2 - Now [x+(1—x)]” =[x+1-x]" =1" =1
2 .
= gt"-2itsina-6h=0 & ,
£ ncoxn + nc]x"_1 (1-x)+ nc‘7x"'_z (1-x)
2 2gh+8gh+24gh -
1= 2g +n02x"—2(1—x)2+---+ncn(l—x)n=1
J J . 1.
___w (ii) Substitutmgx:a in the'above equation,
2g
we get
6./2gh 2
or 1= zg =3 _h_ " 1Y n 1 n-1 1) " 1Y 2 1 2
—_— —_— —_ |+ —_— —
g g ; c02+c12 2J ¢, ZJ 5
Horizontal distance ( or the time =3 }&) n [1]"
g AR e —_ =
n 2
. a
x=Vitcosa =Vsina c?s x3 2h e Ty e 277 o e 07" e 277 =
sina g 0 1 2 n
th nl ng.on TR (P 1.
=./2ghxcotax3 |— = 6hcota = oheat 62+ + cn 2
g —
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