Marking Guidelines Mathematics Extenson 1 CSSA Trial HSC 2006

Question 1
a. Outcomes assessed : H5
Marking Guidelines

Criteria Marks
- writes primitive function 1
. evaluates by substitution of limits 1
Answer
¢ 2
8 sec2x tan 2x dng[sech]O :%(secg—- sec0)=§(2- 1):%

b. Outcomes assessed : P4
Marking Guidelines

Criteria Marks
- substitutes gradients into expression for tand 1
- calculates d to required accuracy 1
Answer
3x-y-2=0 X+2y-3=0 Acute angle@ between the lines is given by
y=3X- 2 y=-1ix+3 3_(_;)
_ o tang =p—24|=7.
Gradient is 3 Gredient is - 1 1+ 3(- %)

\ 'a» 82 (to the nearest degree)

c. Outcomes assessed : PE3, P4
Marking Guidéelines

Criteria Marks
i - shows P(l):O by substitution 1
il - deduces that equation P(x): 0.has 3 real rootsprovided x* + kx+1=0 hasreal roots. 1
- finds discriminant of this quadratic interms of k and realizes D3 O for real roots 1
. states values of k 1
Answer

i. PA)=1+(k- )+ (- k)-2=0.

ii. Equation P(x):O has 3 real rootsif equation x” + kx+1=0 has two real roots.
For this quadratic equation, D=k*- 430 for k°3 4.
Hence P(x):O has 3 red roots for k£-2 or k3 2.
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d. Outcomes assessed : PE2, PE3
Marking Guidelines
Criteria Marks
il - guotes the alternate segment theorem in circle APB 1
iii - quotes theorem about angles standing on the same arc (or chord) in circle AQB
iv - writes a sequence of deductions leading to atest for BCDP to be cyclic
- supports these deductions with reasons

el

Answer

ii. In circle APB, angle between tangent DP and
chord PA is equal to the angle subtended by PA
in the alternate segment at B.

Hence BDDPA=DPBA.

iii. In circle AQB, angles subtended by the same
arc CA at points B and-Q onithe circumference
areequal.

Hence ©CQA=DCBA.

iv. D QDP +DBDPQ +DBDQP =180° (Angle sum of DQPD is180°)
But DQDP =bCDP, BDPQ =bDDPA, BDQP =DCQA (Q, CiDcollinear; P, A, Qcollinear )
Hence BCDP +DDPA+DCQA =180°.
\ BbCDP +bDPBA+bDCBA=180° (BDPA=DPBA, BCQA=DCBA shown above)
But DPBA+DCBA=DPBC ( by addition.of adjacent angles)
\ BCDP +bPBC =180°
Hence BCDP isacyclic quadrilateral (one pair of‘opposite angles supplementary)

Question 2

a. Outcomes assessed : H5
Marking Guidelines

Criteria Marks
. uses the equivalence of expressions 3* and ™ 1
- derives the equivalent exponential functionwith base e. 1
Answer
X _ 4In3 _ _xIn3 d x_d xn3_ xIn3 _ ax
3"=e"" =€ . Hence —3 =—e"""=In3e""°=3In3
dx dx
b. Outcomes assessed : P4
Marking Guidelines
Criteria Marks
- applies an appropriateprocess to determine the coordinates 1
- calculates both coordinates correctly 1
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Answer

A(-3,7) B(4,-2)
Hence the point of internal division is
i PE.2)
3 : 2
Pafe’4+ 2" (-3) 3 (2)+2"76
& 3+2 | 3+2 g

c. Outcomes assessed : H5
Marking Guidelines

Criteria Marks
- uses double angle identities for sine and cosine 1
- rearranges and factorises resulting equation 1
. solves cosx =0 in required domain 1
. solves tan x =1 in required domain 1
Answer
1+ cos2x =d9n 2x , 0EXE2pP \ cosx=0 or eosx=9nXx
200S” X = 28N XCOSX 1=tanx
cosx(cosx- sn x)=0 \ x=£, 38 or x=2 %
ERE S
d. Outcomes assessed : P4, PE3
MarkingGuidelines
Criteria Marks
i - finds gradients of OP and OQ and sets product egual to - 1 1
il - uses appropriate rectangle property to findthe eoordinates of R 1
iii - writesy coordinate of Rinterms of sum and product of p and g. 1
- substitutes for sum and product of p and'gy.to find Cartesian equation. 1

Answer

2

i Gradient opz%p:gp. Similarly gragient OQ =1g.
\ OP*OQ P Zp.2q=-1 \ pq=-4
ii The diagonals of arectangle bisect each other. Hence M is the midpoint of OR
Henceat R %(x+0):a(p+q) and %(y+0):%a(p2+q2)_
\ x=2a(p+q) and y:a(p2+q2)
> feexy 6 ¥

ii At =a{ +) - 2pa=al - +8y

R y=ay(p+a) - 2pg o 8{)
Hencelocus of R has equation X° :4a(y- 8a).
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Question 3

a. Outcomes assessed : P5, P8, H6, HE4

Marking Guidelines

Criteria Marks

i - shows f (- x)=f(x) todeduce function f iseven
il - shows formally that required limit is 1
ii - finds the first derivative, showing it is zero at the origin
- shows the origin is a maximum turning point by applying first or second derivative test
iv - shows the two vertical asymptotes and the central branch of the curve
- shows the horizontal asymptote and the remaining branches of the curve

v - makes x the subject, interchanges x and y to obtain equation for the inverse g*
- writes the domain of the inverse function

PR RPRRRRER

Answer

RIE ((X;?Z = XZX_Z = £(x).

x1 +1. Hencef isan even function.

" ﬂ: 2X (x2 - 1)- x%.2X

dx (XZ ) 1)2
__T2x
)

\ﬂ:OWhenx:O

dx

S’gnofﬂ +!+9_!_>
& .1 0 1 X

Curve /|A‘\

Hence (O , 0) is a maximum turning point.

2

i, lim f (x)—llm )

X® ¥ x®¥ 1- L 1-0
v

Curve has horizontal asymptote y=1 as X ® +¥

Vo Y= x30 \ for the function g, szL, dnce x3 0.
y(x*- 1)=x?
( ) Interchangingx andy, g (x) 1’
yxo- y=x*
yo- Xz y Inspection of the graph of y= f(x shows that the
x(y- 1)= range of the function g is{y: y£0 or y>1}.
, N Hence the domain of the inverse function g™*
X_y_l {x:x£0 or x>1}.
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b. Outcomes assessed : HE?2
Marking Guidelines

Criteria Marks
- verifies that statement true for n=1 1
- writesLHS of (k+1)" statement intermsof RHS of k' statement (assumed true) 1
- rearranges resulting expression into form of RHS of (k+1 " statement 1
- deduces the required result, showing understanding of the process of mathematical induction 1
Answer
Let S(n), n=1 2 3 .. bethesequence of statements éi =1- _1 @ , =123, ..
ot (D)2 (h+y2"
Consider S(1) : LHS =— 3, -4 11 T S=RHS. \ S(1)istre
1722 2°2 2° 2
k
. r+2 1
If S{k)istrue: 1 ——— =1- = %%
) ir@+92f (k+1)2"
k+1
Consider S(k+1): LHS=§ —+2
ot (f+y)2
=§ r+2 (k+1)+2
()20 k+i)k+2)262
K+1)+2
=1 L + ( ) if S(k)istrue, using **

] (k+1)2k (k+1)(k+2)2k+1
1 2(k+2)- (k+3)

) (k+1)(k+2)2"+1
1. k+1

(k+1)(k+2)2k+l
PR Y
=1 (k+2)2k+1

= RHS
Henceif S(k)istrue, then S(k +1) istrue. But S(1) istrue, hence S(2) istrue, and then S(3) s true and so
on. Hence by mathematical induction S(n) istrue for al positiveintegers n3 1.

Question 4
a. Outcomes assessed . HE4
Marking Guidelines
Criteria Marks
- makes x the subject of the equation of the curve 1

. expressasithe'volume as a definite integral with respect to y with integrand tan” (% y)

- USes an appropriate trig. identity to find the primitive function
- substitutes the limits to evaluate the exact volume

PR
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Answer

y=2tan 'x o°*
ly=tan'x v =p80 cGy)- 1t o

ten(3 y)=x =p pran(3y)- y]%
Hence volumeis V cubic units where { ( ; ( )}
_ é% 2 =p Ztm%-tano'%'o
V=pg @’y o =p{2- £}

Hence volumeis 2p (4 p) cubic units.

b. Outcomes assessed : H5, PE3
Marking Guidelines

Criteria Marks
I - writes equation using expressions for areas of segment and sector 1
- amplifies to obtain required equation 1
il - writes second approximation in terms of  f (2) f ¢(2) where f(q):q - 29nq 1
- evaluates expression for second approximation correct to 2 decimal places 1

Answer
I. area segment = 1 area sector ii. Let f(q):q_ 24N q
ir’g- ir’sng=4r7 Then f¢©)=1— 2c0s(q
a0 - 3T *dng =0 Using Newton’s method with g, =2,
?(a- 2snq)= [-». £Q) . oxsu4
\'rt0b g-2snq=0 fc(z) © 18323

Hence second approximation is 1: 90 (to 2 dec. pl.)

c. Outcomesassessed : HE3
Marking Guidelines

Criteria Marks
I - writes numerical expression for required probability 1
- evaluates probability asafraction 1
il - writes numerical expression for required probability 1
. evaluates probability asa fraction 1

Answer

Probability distributionisBinomia with n=6, p=2, q=
i. P(exactly 2 correct J=°C, (%)2 (%)4 =15" 16 = %0
i. P(exactlylcorrect out of first 5, then 6" correct ):Sq(%)1(§)4 i=5 e iz8

243

win
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Question 5

a. Outcomes assessed : HE6
Marking Guidelines

Criteria Marks
- writesdx in terms of du and converts x limitsto u limits 1
- writes integrand in terms of u 1
- finds primitive function in terms of u 1
- evaluates integral in simplest exact form by substitution of limits 1
Answer
du:()j(-l (;)1>5 1 dx_(;)og 1 a
u=dx 0 V= =Q Vz
Oo>5 2X - X2 0.o>5 1- l.J2
x=0:5P u=-0:5 :[s‘-n.lul"’6
Xx=1x5 b u=0x% <
—b_ (- B
6 6
2 _ _ 2 _
2X - X —2(u+1) (u +2u+1) =2
=1- u?
b. Outcomes assessed : P4, HE5, HE7
Marking Guidelines
Criteria Marks
I - uses similar triangles or tangent ratio to write r in terms of h 1
il - writes ar in terms of dn 1
dt dt
- subgtitutes values of h and % 1
- finds required rate 1
Answer
i. The ray of light from P makes equal ii g_gdh_ 80 dn
: ) === —
angles with the horizontal in both right dt dﬁh dt h t
triangles. Corresponding sidesin these But —=- 0xl. Hencewhen h=5,
similar triangles are in proportion. q déo
r 10 . 60 ar_% - ox=0x4
\ 5 h and hence r—r at 25

c. Outcomes assessed : HE3
Marking Guidelines

Hence r isincreasing at arateof 0x24cms™.

iii - finds the maximum speed

Criteria Marks
i - differentiates’dv®tofind a intermsof x 1
ii - statesthecentre of the motion i
- states the amplitude of the motion 1
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Answer

i. a:%evz):%(l6+4x-2x2) \ a=4- 4x

r 2 _ 2

i vi=4(x+2x+8) The midpoint of this interval is x =1.
\ v2:4(x+2)(4- x) Hence centre of motionis 1 m to theright of O
V230 b - 2£xE4 and the amplitudeis 3 m.

iii. Maximum speed occurs at the centre of the motion.
x=1Pb v®=36. Hencemaximum speedis 6ms*

Question 6
a. Outcomes assessed : H5
Marking Guidelines

Criteria Marks
I - states maximum rate of flow 1
il - expresses total amount of water as a definite integral 1
- uses an appropriate trig. identity to find the primitive 1
- evaluates by substitution of limits, giving answer to nearest litre 1
Answer
. 6P 6P
. i. g 4dn’tidt=2p (L-cos2t) dt
O£sn’t£1 o o
\ O£ RE4 =[2t- sn2t]”

Maximum rate of flow is 4 kL/min , . _
since R=4 when t =2, —Z(IO - 0)' (sn 2p-4dn 0)
=2p

\ 2p KL » 6:283KL (to the nearest L) flows into the tank.

b. Outcomes assessed : HE3
Marking Guidelines
Criteria Marks

i - substitutes one pair of N, t values to obtain one equation in A and B 1
- similarly obtains a second equation in A and B 1
. solves simultaneously to evaluate A and B 1
ii - states limiting valueof N. 1
Answer
. - + _t
LN _A B N, B s By subtraction, 3A=60
60=A+Be 36=A+Be \ A=20 and B=80
= A+Be® =A+Be'™
_ adad _ A+1B i. Ast® ¥, N® A+B"0=20
2 5 Hence limiting population size is 20.
\ 120=2A+B and 180=5A+B
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c. Outcomes assessed : P4, HES
Marking Guidelines

Criteria

Marks

i - establishes result algebraically

il - writes j—t assum of two agebraic fractions using (i)
X

- integrates and evaluates constant to find t as a function of x
- rearranges to find x as a function of t

e

Answer

i 1+ 1 :(2-x)+x: 2
X 2-x x(2-x)  x(2-%)

ii. Initially particleisat x =1 moving right with v=">.

_ x(2- x) _. av - : -
But v=—_ 72 and a=v—. Hence if particlereaches x =2,

dx
v=a=0 and particlewill remain at rest at thispoint. Hence 1£ xX£2.

2

t=Inx- In(2- x)+c e'l==
(2- %) -

& yx 0 2
=In ++cC (c congtant) 1+e ==
2- Xg X
t=0u In1+ c=0 2
D -t
leg \ ¢=0 1+e

Question 7
a. Outcomes assessed : HE3
Marking Guidelines

Criteria

Marks

i - usesintegration to find expression for x
- uses integration to find expression for y
il - substitutes given values to'write two equationsin V and d
- finds exact value of ¥/
- finds required approximate value of a to required accuracy
iii - finds horizontal and vertical components of impact velocity
- finds speed of impact to required accuracy
- finds angle of impact to required accuracy

PR RPRRRRER
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Answer

I. Horizontal component Vertical component
x=0 y=-10
X =¢ , G cond. y =-10t+c, , ¢, cond.
t=0 # ' t=0 f :
- P ¢=Vcosy \ x=Vcosq . yb ¢, =Vsing \ y=-10t+Vsnq
x =V cosgp y=Vsngp
X=6/COSQ)'[+C2, c, const
=0l y:-5t2+(\/s'nq)t+c4, ¢4 const
Ogb c,=0 \ X:Q/cosq)t t=ou ,
X= yb c,=0 \y=(Vanq)t- 5t
y=opP y.=(/snq)
. iii. When t=4,
ii. When t=4, x=64 and y=-32 : \
4 9nq- 80=-32 Vs'nqzlzf\; 16
\ V? (cos’q +sn®q)=16" +12°
(cos’q +sn*q) y
\ V2=42(42+32) \'
Also cosqg=3 and snqg=3% a

\ V=20, q»36°52
V=16 +28" P v» 322
tana=I P a »60°1X
Speed©f impact is 32 ms™* (to nearest integer)
Angle of impact with beach is 60°15¢ (nearest minute).

b. Outcomes assessed : H9, HE3
Marking Guidelines

Criteria Marks
I - writes expansion as required 1
ii - differentiates both sideswith respect to x 1
. substitutes x =1 1
- rearranges to obtain required identity 1

Answer
i x 1+ x)n o x+CH*+T+ .. +'C X"+ x"
ii. Differentiationwith respectto x gives
@ex) + nx(+x)" © 142 Cx+3"Cx2 +..+ n 'C, X"+ (n+ K"
Substititing, X =1, 2"+n.2"=142"C+3C,+..+nC , +(n+1)
\ 2'C+3"C..+nC, = (n+2)2" - (n+2)= (n+2)(2”‘1- 1)
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