SYDNEY GRAMMAR SCHOOL TRIAL EXAMINATION 2002

FORM VI MATHEMATICS EXTENSION 1

Time allowed: 2 hours, (plus 5 minutes reading) Exam date: a5th August 2002

Instructions:

All questions may be attempted.
All questions are of equal value.
Part marks are shown in boxes in the right margin.
All necessary working must be shown. -
Marks may not be awarded for careless or badly arranged work.
" Approved calculators and- templates may be used.
A list of standard integrals is provided at the'end of the exammatxon paper.

- Collection: -

Each question will be collected separately.

Start each question in a new anSwer booklet.

If you use a second booklet for a question, place it inside the first. Don't staple.
‘Write your candidate’mumber -on each answer booklet. »

Checklist:

SGS Examination booklets required — seven 4-page books per boy.
120 candidates. )
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QUESTION ONE (Start a new answer booklet)

i Marks
(a) Evaluate Z n?. (Show your working.)

n=1

(=]

[l

(b) Solve the inequation T 3 > 2.

(¢) (i) Differentiate y =™

(i1) Hence find the equation of the tangent to y = ® at z = 1.

(d) Simplify the expression ;a-z—
1

][]

- (e) Write down the general.solution of the equation cos 3z = cos ¢.

QUESTION TWO (Start a new answer booklet)

(a) The radius of a cxrcular oil shck is mcreasmg at 0 1rn/s

‘ o . ‘ dA . e . Marks
(i) Show that the rate of increase of its area is'given by —gt— = 0-27r. '
s (ii),l What is the radius when vthe_aree is increasing at ‘27rkm2 /s? - ,

(b) Find the volume generated when the region between y = sec 3z and the z-axis, from

z=-—ftox= {5, is rotated about the T-axis.

(c) Prove the identity sin 26(tan 6 +cot 0) = 2.

[es]

(d) A partlcle is moving with acceleratlon % = —9z and it is mltlally sLatlonary at z = 4.
‘ ( ) Find v? as = Q@i <.

Ci) What is the particle’simaximum speed'?

H‘H-
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QUESTION THREE (Start a new answer booklet)

(a) ) |

2
1
—1\ J 2 3z
(0, =0-5)""
Write down a possible equation y = P(z) for the polynomial function s ed above.

(Do not use calculus.)

(b) Find the term independent of z in the expansion of

. (c) A particle’s displacement is z=5-3 sin(2t+ %), in
. (i) In what interval'is the particle moving? .

(i) Write down the period of the mofio

© (iii) Find the first' two times after timi

(d) (i) Write down the expaﬁsioﬁ of

(i) Hence prove the ideniiti
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QUESTION FOUR (Start a new answer booklet)

Marks
(a) Use the substitution u =1 — z to evaluate @

/01 z(1—z)" dz.

—1 1 zl T

A pupil is using Newton’s method to calculate an approximate value for the singlé

zero of the polynomial y = z% + 2z +2 — 34 The polynomial is sketched above.

" (3) Use Newton’s method with zo = 2 to.approximatethe zérqlcorre'c‘t to two decimal
places.

[~ [

(i) Quickly copy the graph above and use it to show why zo = 1 would be a bad
- initial approximation to the root (no calculations are required). '

“(c) (i) Show that y ="V/3sinz + ¢os T may Vbé"‘léxpr'és'sed'in the form y = 2sin(z + ).

ol

(ii) Hence sketch thefeurve y = V/8sinzé cos z, for 0 < z < 2. Do not use calculus
but do mark z4 and y-igtercepts. .
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QUESTION FIVE (Start a new answer booklet)»

(a)
B
c
A
Y

In the circle above, ZABD + /BCA = 90° and XY/is a tangent to the circle at D
The chords AC and BD intersect at I. : Ve

(i) Prové that /ZBCD = 90° and hence that BD 18,8 diamietér of the circle. ' '

(i) Prove that if AABC is isosceles with AB = BC, then AC'HXY. : [2]

(b) Harry is investing a certain amount each.year for 20,yearsin a superannuation fund,

. which pays 6% per_annum compound mterest Harry pays a yearly contrlbutmn SM

at the start of each year

(i) Show that atter M years Harry s investment amounts to

M X106 M £1.06% #0h. - + M x106% "
(ii) By summing this/geometricseries, find M if the fund is to reach $500000 at the

end of the 20 years.
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QUESTION FIVE (Continued)
(©)

P 1km

The angle of elevation from a boat at P to a point T at the top of a vertical cliff is
measured to be 30°. The boat sails 1 km to a second point ‘@), from which the angle
of elevation to 7' is measured to be 45°. Let B be the point at the base of the cliff
directly below 7" and let » = BT be the height of the cliff in metres.{The bearings of
B from P and @ are 50° and 310° respectively.

(i) Show that LPBQ =100°. : ,
(ii) Find expressions for PB and QB in terms of A » ‘
(iii) Hence show that o T A : :

| o, | 110002
‘ A ~ cot® 30° + cot® 45° — 2ot 30° cot 45° cos 100° ‘
(iv) Use a calculator to find the height of the chff correct to the nearest metre i

P

"QUESTION SIX' (Start a new answer booklet) -
(a) (i) Show that the tangent to the parabola z? = 8y at the point P(4p,2p?) has
equation y = pz £ 2p?. :
(ii)- By substitutingthe point»A(3, —2) into this equation of the ta.ngent or otherwise, @
find the points of congact of the tangent to the parabola from A. _
(b) (1) A partlcle moves along a path described by y = 7 ShOW that the perpenchcular . V
distancé from any point on its path to the line 3:1: —4y+4=0is
I}I|$2 — 3o —"4’.> :
(i) Sketechithe curve y = 1 {xz — 3z — 41 showing any intercepts and the vertex.
(iii) Use your graph inart (ii) to show that the distance from the path to the line is
1 units on exactly three occasions.
(c)i Use mathematical induction to prove that for all integers n >0,
1%x22 + 2%3% + 3x4% + -+ + n(n+1)2 = En(n+1)(n+2)@3n+5).
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QUESTION SEVEN (Start a new answer booklet)

(%) |

The incircle of a triangle is the circle inscribed to touch the triangle at exactly three
points, as-in the diagram above. In the diagram, O is the centre oftheyincircle;zand
P, Q and R are the points where the incircle touches the triangle. Let r be the radius
of the incircle and p be the perimeter of the triangle. Prove that

1
area NABC = —2—7'p

(b) (i) By differentiating, or otherwise, prove that for z >&1,
' -z '
tan"lz +tanTt —— = —.
an” ~z +tan 12z 4 |
(ii) Hence, or otherwise, calculate tan~ (V2 ~ 1)-. -
(c)

An artist has been commissioned to draw/a piece of modern art, using his pack of 30
long sharp celoured pencils. :
“First he draws a square. Then he draws a vertxcal hne that d1v1des .the area of the
"+ square in the ratio 2 1s Then he draws further vertical lines that divide the areas of .
each region in the ratio 2: 1 (see the diagram). The artist repeats this process eleven

times, resulting in 2'* = 2048 thin rectangles.

The artist/then begins tocolourin the rectangles, using the same colour for rectangles
of the same size, but different colours for rectangles of different sizes.

(i) Let the number of rectangles of size (%)k(g)n*k be written r(n, k). Show that

" 4 r(n, k) =r(n -1,k —=1)+r(n=1,k).

(11) Show fhatihe has enough colours to colour the entire square, and find what area
isccoloured by the pencil that he uses the most of. :

BDD



